This study deals with the most challenging numerical aspect for solving the quantification problem in magnetic resonance spectroscopy (MRS). The primary goal is to investigate whether it could be feasible to carry out a rigorous computation within finite arithmetics to reconstruct exactly all the machine accurate input spectral parameters of every resonance from a synthesized noiseless time signal. We also consider simulated time signals embedded in random Gaussian distributed noise of the level comparable to the weakest resonances in the corresponding spectrum. The present choice for this highresolution task in MRS is the fast Padé transform (FPT). All the sought spectral parameters (complex frequencies and amplitudes) can unequivocally be reconstructed from a given input time signal by using the FPT. Moreover, the present computations demonstrate that the FPT can achieve the spectral convergence, which represents the exponential convergence rate as a function of the signal length for a fixed bandwidth. Such an extraordinary feature equips the FPT with the exemplary high-resolution capabilities that are, in fact, theoretically unlimited. This is illustrated in the present study by the exact reconstruction (within machine accuracy) of all the spectral parameters from an input time signal comprised of 25 harmonics, i.e. complex damped exponentials, including those for tightly overlapped and nearly degenerate resonances whose chemical shifts differ by an exceedingly small fraction of only 10 −11 ppm. Moreover, without exhausting even a quarter of the full signal length, the FPT is shown to retrieve exactly all the input spectral parameters defined with 12 digits of accuracy. Specifically, we demonstrate that when the FPT is close to the convergence region, an unprecedented phase transition occurs, since literally a few additional signal points are sufficient to reach the full 12 digit accuracy with the exponentially fast rate of convergence. This is the critical proof-of-principle for the high-resolution power of the FPT for machine accurate input data. Furthermore, it is proven that the FPT is also a highly reliable method for quantifying noise-corrupted time signals reminiscent of those encoded via MRS in clinical neuro-diagnostics.
Introduction
A powerful and invaluable complement to anatomical diagnostics, magnetic resonance spectroscopy (MRS) provides bio-chemical information about viability and overall functionality of the scanned tissue. This latter information is not available directly from time signals, or equivalently, free induction decays (FID) encoded from patients via MRS. Rather time signals need to be spectrally analysed by considering the quantification problem. By solving this problem, one can reconstruct the complex-valued frequencies and the corresponding amplitudes. These spectral parameters are the only elements of the fundamental harmonics that constitute the studied time signal. Each harmonic (transient) has its resonant frequency, relaxation time, intensity and phase that completely characterize the underlying normal-mode damped oscillations in the signal. Such four real-valued parameters can be identified directly from the reconstructed complex frequencies and amplitudes thus yielding the peak areas of the associated resonance profiles in the related spectrum. Here, the most clinically relevant quantities are metabolite concentrations that can also be extracted from the time signal, since they are proportional to the retrieved peak areas.
By definition, quantification in MRS coincides with the well-known harmonic inversion problem from quantum theory of resonances and spectroscopy (Belkić 2004a) . Therefore, the general quantum-mechanical relaxation formalism can advantageously be exploited to solve the quantification problem in MRS. Presently, we use quantum-mechanical parametric signal processing through the frequency-dependent Green function G(ω). This approach, when implemented algorithmically via the fast Padé transform (FPT), is capable of reconstructing exactly all the spectral parameters (Belkić 2004a , 2004b , 2004c , 2004d , 2004e, 2004f, 2004g, 2006a , Belkić and Belkić 2005a , 2005b , 2006a . The FPT generates the frequency spectrum as the unique quotient of two polynomials:
where ω is the angular frequency, ω = 2πν ≡ 2πf, with ν or f being the usual linear frequency. Here, the two subscripts L and K are introduced into the label for the Green function to indicate the degrees of the numerator and the denominator polynomial, respectively. Depending on the relation between the polynomial degrees L and K, these quotients are called the off-diagonal (L = K) and the diagonal (L = K) versions of the FPT. The special case L = K − 1 of the off-diagonal FPT is called the para-diagonal fast Padé transform. The para-diagonal and the diagonal FPT are used most frequently in applications. The off-diagonal is useful to describe spectra that have a rolling background contribution as in MRS. This is because the quotient P L /Q K for L > K can always be expressed as a sum of a polynomial B L−K and the diagonal FPT, A K /Q K :
Here, the polynomial B L−K describes the background, whereas the new diagonal quotient A K /Q K describes the polar structures of the spectrum, i.e. its resonances. The mathematical form (1.1) of a rational quantum response function to some external perturbations or excitations is dictated by the intrinsically quantum origin of MRS, as well as by the resolvent form (an operator-valued Padé approximant) of the Green operator, which is the generator of the dynamics of the studied system (Belkić 2004a) . The rational form of a general response function R(ω), i.e. the system function, in many interdisciplinary fields also follows by a standard link between the input I (ω) and the output Clearly, the simplest form for the response function is a quotient of two polynomials O L (ω) and I K (ω) , in which case R(ω) is specified as R L,K (ω): 5) as in the FPT by reference to (1.1). However, simplicity is not the only reason which leads us to such a rational polynomial for the response function. More importantly, this latter functional form is implied by the physics of the response mechanism of any investigated system to external perturbations. Specifically, a system excited by an external field is set into an oscillatory type of motion which is described mathematically by a differential equation of a definite order. A similar differential equation also governs the intrinsic state of the system even without any external perturbation. The algebraically equivalent structures of these differential equations are their characteristic or secular polynomials. The degree of a given characteristic polynomial is equal to the order of the associated differential equation. Solving a differential equation is equivalent to finding all the roots of the corresponding characteristic polynomial. The physical meaning of the roots of the characteristic polynomial Q K (ω) for the input data is that they represent the fundamental frequencies {ω k } (1 k K) of the intrinsic oscillations of the considered system. Here, K is the total number the fundamental attenuated harmonics described by the complex frequencies {ω k } and the corresponding complex amplitudes {d k }. Therefore, under most general circumstances in any research branch, including MRS, the adequate physical considerations invariably lead to a polynomial quotient, as in the FPT, for the response function, which is called a frequency spectrum in signal processing. This is expected, since the formalism of the Green function is entirely equivalent to the Schrödinger equation through which quantum physics becomes applicable to any system including living organisms. However, while direct solutions of the Schrödinger equations are feasible only for the simplest systems of a very limited practical utility, the Green functions can be computed for any physical system irrespective of its complicated structures as long as e.g. the autocorrelation functions, or equivalently, time signal points are available. Precisely such time signals are encountered in MRS and in many other fields (Belkić 2004a) . Therefore, the quantum-mechanical formalism of the Green functions implemented via e.g. the FPT can be used to spectrally analyse such in vivo time signals from MRS as has been previously reported in Belkić and Belkić (2005a , 2005b , 2006a .
Naturally, the adequacy of any modelling of a studied phenomenon depends critically on the proper description of the underlined physical process. The above outlines clearly indicate that the FPT is the method of choice for solving the quantification problem in MRS. Overall, both physics and mathematics lend support to this fact. Physics, because MRS gives time signals stemming from damped harmonic oscillators that are equivalent to quantum-mechanical auto-correlation functions (for these time signals, in fact, the FPT is the exact filter). Mathematics, because the exact spectrum for such time signals is a polynomial quotient. Crucially, whenever a function to be modelled is itself a ratio of two polynomials, as is the case with the exact finite-rank Green function, the fast Padé transform represents, by definition, the exact theory. Hence optimality of the FPT for signal processing.
The FPT encompasses two equivalent versions of the Green functions G (+) and G (−) , with the incoming and the outgoing boundary conditions, inside and outside the unit circle in the complex plane of the harmonic variable z, and they are denoted by FPT (+) and the FPT (−) , respectively. The FPT (+) and the FPT (−) coincide, respectively, with the causal and anti-causal Padé-z transforms that are used extensively in mathematical statistics and the engineering literature on signal processing (Belkić 2004a ). The present study applies the FPT (+) and the FPT (−) to time signals from MRS to prove explicitly that both variants of the fast Padé transform are capable of solving exactly the typical quantification problem from MRS as in Belkić (2006a Belkić ( , 2006b .
From the computational point of view, the FPT is an extremely efficient signal processor, which is a fast algorithm in the sense of the standard fast Fourier transform (FFT). This can be achieved in the FPT by using the Euclid algorithm implemented with the corresponding continued fractions (McEliece and Shearer 1978, Palmer and Cruz 1989) . In such a case, the FPT requires N(log 2 N) 2 multiplications, and this is comparable to the customary N log 2 N multiplications in the FFT for N = 2 m (m = 1, 2, . . .). Regarding applications in MRS, especially relevant for clinical diagnostics is the unique possibility within the FPT for the achievement of unequivocal resolution of tightly overlapped resonances (Belkić 2004e, 2004f, 2004g) . This is amply demonstrated in the present work on a synthesized time signal reminiscent of those encountered in MRS at the magnetic field strength 1.5 T and short echo time of about 20 ms when encoding is carried out from the brain of a healthy volunteer as in Frahm et al (1989) . This study has two special emphases in the most stringent testing of the overall performance of the FPT for synthesized data from MRS: (i) stability and robustness against algorithmic round-off errors in computations aimed and machine accurate reconstructions for noiseless machine accurate input time signals, and (ii) optimal reliability for high-resolution quantifications of time signals corrupted with random Gauss-distributed noise.
Fast Padé transform inside the unit circle
The exact finite-rank spectrum is defined by a finite-rank Green function in the representation of a truncated Maclaurin series, or equivalently, the standard causal z-transform:
Here, the expansion coefficients {c n } are the time signal points or the auto-correlation functions given by a linear combination of damped complex exponentials,
where {ω k } and {d k } are the fundamental frequencies and the corresponding amplitudes, respectively. Assuming provisionally that an infinite number of expansion coefficients is available in G N , we insert (2.2) into (2.1) and perform the limit N −→ ∞. The ensuing infinite sum over n can be carried out exactly by means of the binomial series and the result is expressed as a finite number of terms:
The remaining sum over k is evidently a quotient of two polynomials in the variable z and, hence, it is the FPT. A special feature of (2.3) is that the numerator polynomial has no free term independent of z. Thus, it is natural that the needed version of the diagonal PA, hereafter denoted by G
K (z), should be a polynomial quotient in z. Therefore, the Padé approximant to G N (z −1 ) will be introduced by 
We multiply (2.6) by Q
When the two sums on the lhs of (2.7) are multiplied out as indicated and the ensuing coefficients of the same powers of z are equated with their counterparts from the rhs of (2.7), the following results are obtained:
Alternatively, we can write (2.8) and (2.9) explicitly as c 0 + c 1 q
10)
. . .
The equivalent matrix forms of the systems of equations (2.10) and (2.11) are given by
(2.13)
Fast Padé transform FPT (−) outside the unit circle
There is another variant of the diagonal FPT for the same function G N (z −1 ) from (2.1). This variant is denoted by FPT (−) and it is introduced as 
The same procedure as in (2.7) followed by equating the coefficients of like powers of the expansion variable z −1 gives
This is an implicit system of linear equations for the unknown coefficients q − s . The system (3.5) can be made explicit by varying the integer m from 1 to J so that
It is also clear that (3.6) represents a system of linear equations when the suffix m is varied from 0 to K and thus p
Both systems (3.7) and (3.8) can equivalently be cast into their respective matrix forms via 
Results
The input data for the investigated quantification problem are given in table 1. Such data are the complex fundamental frequencies and the accociated amplitudes from a synthesized noiseless time signal whose corresponding true spectrum contains 25 tightly packed, overlapped and nearly degenerate resonances. Figure 1 also shows these input spectral parameters of the theoretically generated time signal. The concrete values of the spectral parameters are chosen to closely match the typical frequencies and amplitudes encountered in quantification of the corresponding FIDs encoded via proton MRS from the brain of a healthy volunteer (Frahm et al 1989) .
The present results of the FPT (+) and the FPT (−) for the exact reconstruction of the input spectral parameters are shown in tables 2 and 3 as well as in figures 2-15. Table 2 displays the achieved high accuracy of the retrieved spectral parameters from the FPT (−) near full convergence at the two partial signal lengths N P = 180, 220. On panel (i) at N P = 180, prior to full convergence, the number of the exact reconstructed digits varies from 2 to 7. However, on panel (ii) at N P = 220, a spectacular increase in accuracy through all the 12 input digits is obtained for each reconstructed spectral parameter. This demonstrates that the FPT (−) has the spectral convergence, i.e. the exponential convergence rate to the exact numerical values of all the reconstructed fundamental frequencies and amplitudes (Driscoll and Fornberg 2001) . Table 1 . Twelve digit accurate numerical values for all the input spectral parameters: the real Re(f k ) and the imaginary Im(f k ) part of frequencies f k , and the absolute values |d k | of amplitudes d k of 25 damped complex exponentials from the synthesized time signal similar to a short echo time (∼20 ms) encoded FID via MRS at the magnetic field strength B 0 = 1.5 T from a healthy human brain. Every phase {φ k } of the amplitudes is equal to zero, such that each d k is purely real, Table 3 shows the accuracy when the partial signal length N P is chosen in the form of the composite number 2 m (m > 1) as used in the FFT. This is illustrated in the FPT (−) at a quarter N/4 = 256 and the full signal length N = 1024 on panels (i) and (ii), respectively. These two panels give the identical 12 digit accurate results, and the same is checked to be true also for one-half of the full signal length, N/2 = 512 (not shown). The joint findings from tables 2 and 3 prove that the FPT remains stable beyond the stage at which full convergence is reached, so that adding further signal points does not change the stabilized results. Such a feature is very important for the robustness of the FPT in quantification within MRS.
Overall, it is seen from tables 1 and 2 as well as figures 2-7, that the FPT does not need even a quarter of the full signal length to reconstruct all the exact spectral parameters. From such accurately retrieved spectral parameters displayed in figures 4 and 5, the absorption total shape spectra (envelope spectra) are seen to converge fully in the FPT by exhausting merely 220 signal points out of 1024 from the input FID, with no undesirable spectral deformations, such as artefacts, Gibbs ringing, aliasing or other typical defects prior to attaining stability. This is highly advantageous relative to the FFT and all the other estimators from MRS.
The FFT requires the full signal length (N = 1024) to converge, as is clear from figure 3 . Moreover, the FFT yields no quantification on its own. Attempts to handle this most severe drawback of using the FFT for MRS are usually based on fitting in post-processing via some free-parameter adjustments that are, however, inherently non-unique. This non-uniqueness of fitting in MRS (van der Veen et al 1988 , Provencher 1993 , Vanhamme et al 1997 implies that Table 2 . Extended accuracy all the way up to 12 exact digits for the numerical values of the complex frequencies and amplitudes reconstructed by the FPT (−) at two partial signal lengths N P = 180 and 220. Note, especially, that using only 220 signal points out of 1024 entries available from the full FID, the FPT (−) resolves unequivocally the two near degenerate frequencies (n o k = 11, 12) separated from each other by 10 −11 ppm. (−) at N/4 = 256 and N P = 1024. Constancy of all the spectral parameters is steadily maintained beyond the partial signal length N P = 220 where the first machine accurate convergence occurs. any subjectively chosen number of resonances can equally well fit a given peak in the total shape spectrum. Hence, any estimate of the true number of resonances by fitting the envelope spectra in MRS is bias and, as such, of limited use in diagnostics. Under-estimating or over-estimating the true number of resonances by under-fitting (under-modelling) or over-fitting (over-modelling) leads to missing some genuine or introducing arbitrarily some non-existent i.e. extraneous metabolites. Both of these possible outcomes of fitting techniques in MRS are anathema to diagnostics. In sharp contrast to these unavoidable inconsistencies of fitting, the FPT gives the unique reconstruction of the true number of resonances with no adjustable or initializing parameters at all. This is clearly seen in figures 4 and 5 where both variants, the FPT (+) and the FPT (−) , converge to the same result independently of each other as a function of the partial signal length, N P . As opposed to the standard FFT, the signal length used by the FPT is not limited only to composite numbers of the form 2 m where m is a non-negative integer. Rather, the full and/or partial signal length Figure 6. Component shape spectra in the FPT (−) for each resonance (left) and their sums as the total shape spectra (right) at three partial signal lengths N P = 180, 220 and 260. Note that the total shape spectrum at N P = 180 on panel (iv) converged despite the missing peak 11 and the related overestimate of peak 12. can be an arbitrary positive integer, for example, N P = 180, 220, 260, as used in the present computations within the FPT (+) and the FPT (−) . Figure 6 illustrates the comparative convergence of the component and total shape spectra. The component shape spectra are generated from the reconstructed fundamental frequencies in the FPT (+) and the FPT (−) . The total shape spectrum is simply the sum of all the component shape spectra for every retrieved physical resonance. It is seen here that the component shape spectra has converged at N P = 220 on panel (ii) in figure 6 , as expected on the basis of the achieved stability of the spectral parameters at this number of signal points (figures 4 and 5). Of course, the same convergence also occurs for the total shape spectrum at N P = 220 on panel (v) of figure 6. The most intriguing fact is the situation which occurs prior to convergence of the component shape spectra. In this case, it is seen on panel (i) in figure 6 for N P = 180 that the peak 11 is missing, and that peak 12 is over-estimated. Yet, the corresponding total N P = 180 is the fact that practically no difference exists between any two spectra on the right column of figure 6 at N P = 180, 220, 260. This is so in particular for N P = 180 because the area of the peak 12 is over-estimated precisely by the amount of the corresponding area of the missing peak 11 on panels (i) and (iv) in figure 6 . 
, where N P = 180, 220, 260. It can be seen that all the shown residual or error spectra in both variants of the FPT are practically equal to zero throughout the considered frequency range. This proves full convergence of all the total shape spectra even at N P = 180 where the peak k = 11 is absent as seen earlier on panel (i) in table 2 and on panel (i) in figure 6 .
Let us now briefly summarize figures 6 and 7. It is seen that the two nearly identical total shape spectra at N P = 180 and N P = 220 on panels (iv) and (v) in figure 6 contain 24 and 25 resonances, respectively. This discrepancy in the number of the reconstructed resonances is not detected at all by the residual or error spectra shown in figure 7. Therefore, it is not reliable to use the converged total shape spectrum as the only criterion for the validity of the estimated number of the reconstructed resonances. Precisely this latter criterion is most frequently used in MRS through fitting techniques (van der Veen et al 1988 , Provencher 1993 , Vanhamme et al 1997 that rely heavily upon the residual spectrum defined as difference between the spectrum from the FFT and a modelled spectrum.
In contradistinction with fittings from MRS, the FPT does not assess at all the adequacy of the performed quantification upon the appearance of the total shape spectra. Quite the contrary, such spectra are drawn merely for convenience and visual comparison e.g. with the FFT, but this is totally irrelevant for solving the quantification problem as the main task in MRS. Of primary importance for quantification is to monitor the convergence pattern of the reconstructed fundamental frequencies and amplitudes as a function of the partial signal length N P , as done in figures 4 and 5. Only when the values of all the spectral parameters stabilize fully can the quantification be considered as successfully completed. This is the case with N P 220, but not with N P = 180 as seen in figures 4 and 5.
All told, even within the FPT itself, the residual or error spectra can, at best, represent only a necessary, but not a sufficient condition for validity of the reconstructed frequencies and amplitudes from which these spectra are generated. The only way to gain confidence in the obtained results is to search for the full stabilization of all the spectral parameters as a function of the partial length of the investigated time signal. Moreover, such a stabilization is done in the fast Padé transform independently in both variants, the FPT (+) and FPT (−) , as illustrated in the present study. This is an invaluable cross-validation of the performed quantification, such that only those fundamental frequencies and amplitudes that are reconstructed by both FPT (+) and FPT (−) via convergence and stabilization are retained in the final list of the obtained exact solutions of the quantification problems in MRS.
Convergence in the FPT is achieved through stabilization or constancy of the reconstructed frequencies and amplitudes. Moreover, the accomplished stabilization is a veritable signature of the exact number of resonances. With any further increase of the partial signal length N P towards the full signal length N, i.e. passing the stage at which full convergence has been reached, it is found that all the fundamental frequencies and amplitudes 'stay put', i.e. they still remain constant as shown in Belkić (2006a Belkić ( , 2006b . Moreover, machine accuracy is achieved here proving that when the FPT is nearing convergence, it approaches straight towards the exact result with the exponential convergence rate (the spectral convergence). This proves that the FPT is an exponentially accurate approximation for functions customarily encountered in spectral analysis in MRS and beyond (Belkić 2004a) . The mechanism by which this is achieved, i.e. the mechanism which secures the maintenance of stability of all the spectral parameters, as well as constancy of the estimate for the true number of resonances is provided by the so-called pole-zero cancellation, or equivalently, the Froissart doublets (Froissart 1969) . This signifies that all the additional poles and zeros of the Padé spectrum P ± K+m Q ± K+m for m > 1, i.e. beyond the stabilized number K of resonances, will cancel each other leading to a remarkable feature of the FPT (Belkić 2006a (Belkić , 2006b ):
. .). (4.1)
In other words, the FPT is safeguarded against the contamination of the final results by extraneous resonances, since each pole due to spurious resonances stemming from the denominator polynomial will automatically coincide with the corresponding zero of the numerator polynomial, thus leading to the pole-zero cancellation in the polynomial quotient of the FPT, as per (4.1). Such pole-zero cancellations can be advantageously exploited to differentiate between spurious and genuine content of the signal. Since these unphysical poles and zeros always appear as pairs in the FPT, they are viewed as doublets. More precisely, they are called the Froissart doublets after Froissart (1969) who was the first to discover empirically this extremely useful phenomenon, which is unique to the versatile Padé methodology. By definition, noise is spurious information by which the genuine part of the signal is corrupted. Therefore, the pole-zero cancellation can be used to disentangle noise as an unphysical burden from the physical content in the considered signal, and this is the most important usage of Froissart doublets in MRS (Belkić 2006a (Belkić , 2006b , as well as in many other applications of the FPT (Belkić 2004a) . The overall benefit from the concept of Froissart doublets is illustrated in figures 8-15 within the FPT (+) and the FPT (−) applied to the synthesized noise-free and noise-corrupted time signals whose input data for all the spectral parameters {f k , d k } are set to be exact to within three decimal places. We take such a noiseless FID from Belkić (2006a) 1 and create the corresponding noisy FID by adding random Gauss-distributed zero mean noise (orthogonal in its real and imaginary parts) with the standard deviation σ = 0.002 89 RMS, where RMS denotes the root-mean-square of the noiseless FID. The chosen number 0.002 89 represents about 1.5% of the height of the weakest resonance in the spectrum (n • k = 13). At present, this noise level is deemed sufficient to provide a clear illustration of the principles of Froissart doublets. Higher noise levels up to 100% of the height of the 13th peak have also been employed in the present study, and these results will be reported separately.
The illustrations of Froissart doublets necessitate the knowledge of both the zeros and the poles of the complex spectra P : the 'zeros of the FPT (±) ' denoted as zFPT (±) and the 'poles of the FPT (±) ' labelled by pFPT (±) . Each of these two representations, the zFPT (±) and the pFPT (±) , can provide the spectra in their own right by using exclusively either the zeros z ± k,P or the poles z ± k,Q at a time. Of course, when both the zeros z ± k,P and the poles z ± k,Q are used simultaneously to create the spectrum and/or to perform quantification, the old composite representations FPT (±) are recovered as the unions of the two new constituent representations, the zFPT (±) and the pFPT (±) . Accuracy, resolving power, convergence rate and robustness of any signal processor depend on such obvious input parameters as the SNR (signal-to-noise ratio) and the total
Conclusion
In the present study, it is demonstrated that the FPT is capable of providing the exponential convergence rate (the spectral convergence) for the exact reconstructions of all the spectral parameters from a synthesized time signal, which is similar to the corresponding in vivo free induction decay curve encoded via high-resolution MRS with short echo time of about 20 ms at the magnetic field strength 1.5 T from the brain of a healthy volunteer. Further, it is shown that residual spectra are a necessary, but not a sufficient criterion to estimate the error invoked in quantification. Full validation of the performed quantification within the FPT is possible by monitoring stabilization of all the reconstructed spectral parameters as a function of the partial signal length. Moreover, all the converged fundamental frequencies and amplitudes found in this way must be further cross-validated by checking whether they also represent the joint results of both Padé variants, the FPT (+) and the FPT (−) , inside and outside the unit circle, as done in the present study. Froissart doublets (pole-zero cancellations) are used to unequivocally distinguish between genuine and spurious resonances in both noise-free and noise-corrupted synthesized time signals. This permits the exact reconstruction of all the genuine spectral parameters including the fundamental frequencies, the corresponding amplitudes and the true number of physical resonances. The FPT is shown to be able to resolve and quantify tightly overlapped resonances that are abundantly seen in MR spectra generated using encoded in vivo time signals. Most importantly, precisely such overlapping resonances are often of critical relevance for diagnostics in clinical oncology.
